GOOD SPECTRAL TRIPLES, ASSOCIATED LIE GROUPS OF 
CAMPBELL-BAKER-HAUSDORFF TYPE AND 
UNIMODULARITY 



J. MARION* AND K. VALAVANE 



Abstract. The notion of good spectral triple is initiated. We prove firstly 
that any regular spectral triple may be embedded in a good spectral triple, so 
that, in non-commutative geometry, we can restricts to deal only with good 
spectral triples. Given a good spectral triple K. = (yl, W,D), we prove that 
A is naturally endowed with a topology, called the /C-topology, making it into 
an unital Frechet pre-C* -algebra, and that the group Inv{A) of its invertible 
elements has a canonical structure of Frechet Lie group of Campbell-Baker- 
Hausdorff type open in its Lie algebra A ; moreover, for any n > one has 
that Kn = {Mn{A), H^C", D^In) is still a good spectral triple. One deduces 
three important consequences. The first one concerns the Jf-theory of Mn{A). 
The second is related to unitary and sympletic groups : given any element 
n in Inv{M„{A)) such that O* = fl~^ = £Cl,e S {—1,1}, we prove that 
Uii{n,A) = {a £ M„{A)/a* .Q.a = a.Q.a* = H} is a Frechet Lie group with 
real Lie algebra Uci{n, A) = {x £ Mn{A)/x* .CI + Q.x = 0}. Endly, we discuss 
about unimodularizable good spectral triples /C = {AjTi., D), that is to say 
those for which the algebra A may be provided with a normalized trace T 
which is continuous w.r.t. the /C-topology ; in such a case, with any integer 
n > we associate a natural continuous trace Tn on Mn{A), and we prove 
that ST{n,A) = {x G M„{A) /T„{x) = 0} is the Lie algebra of a connected 
Frechet Lie subgroup 5t{«,"4) of Inv{M„{A)). Likewise, we prove that the 
Lie algebra (S^WnC",^) = {x £ UQ{n, A) /Tn(x) = 0} is the Lie algebra of a 
connected real Frechet subgroup STUn{n-, A) of {/^(ra, yl). 

1. Introduction 

In infinite-dimensional analysis, it is well known that there is deep breaking 
between the case of Banach spaces (over M or C) and that of more general Haus- 
dorff locally convex topological vector spaces which are not normed spaces (see 
e.g. [2] or [12]). For example, depending on the type of derivatives used (Frechet 
derivatives, Gateaux derivatives,...), one obtains non equivalent infinite-dimensional 
differential calculi, although each of them leads to a Taylor expansion at a point ; 
unfortunately, for these various types of differential calculi, the fundamental theo- 
rems of the Banach differential calculus such that the "Implicit function Theorem" 
or the "Frobenius Theorem" are no more valid. As a consequence, there are several 
theories of "infinite-dimensional Lie groups" depending on the class of groups and 
underlying manifold structures we consider, (see e.g. [13]). 
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In the non-commutative geometry initiated by A Connes (see [5] and some refer- 
ences therein), compact manifolds arc replaced by unital *-algcbras which arc not 
assumed to be commutative. In this setting, one obtains a quantized differential 
calculus as soon as one can incorporate such an algebra ^ in a "regular spectral 
triple" , that is to say a triple K, = {A, Ti, D) where A is represented by an unital 
*-subalgebra of the *-algebra of bounded operators on some separable Hilbert 
space H, and D an unbounded self-adjoint operator on H with compact resolvent, 
such that for every clement a in ^ : [D, a] lies in C{Tl), and such that A is contained 
in the domain Dom{6") of the n-th power of the derivation 6 = [VD.D, ■] on C{Ti.) 
for every n in N. 

A natural question, which has been already approached in the particular case of 
gauge groups arising in non-commutative geometry in [8], [9] and [10], can be then 
roughly formulated as follows : under what conditions the quantized differential 
calculus associated with a regular spectral triple K, = {A,Ti., D) leads to a tractable 
notion of "infinite-dimensional Lie group" for the group of invertible elements in 
A and some of its important subgroups? The present paper, which brings an 
interesting and rather unexpected answer as soon as the spectral triple fulfils some 
"goodness" property, is organized as follows. 

-In section 1 we recall some basic definitions on smoothness and analyticity in 
Frcchct spaces and a group theoretical version of differentiability yielding to the 
notion of generalized Lie group developed in [12], which, in spite of the absence 
of an explicit underlying smooth manifold structure, has the same main functional 
properties than a "true" Lie group. 

-In section 2, with any regular spectral triple fC = {A,Ti,D) we associate a 
countable family (||-||„)neN of submultiplicative *-norms on A fulfilling a crucial 
property (Lemma 3.2). Denoting by An the unital Banach *-algcbra obtained as 
the completion of A with respect to the norm n e N, we prove that the 

intersection A{K,) of all the An is an unital Prechet *-algebra for the topology 
defined by the family (lHl,JneN, that we have called the /C-topology of A{IC). 

-Section 3 is devoted to the notion of good spectral triple, which consists of a 
regular spectral triple /C = {A, H, D) for which A{1C) = A. It is proved that any 
regular spectral triple may be canonically embedded in a good spectral triple, so 
that, without loss of generality, given a regular spectral triple, we may assume that 
it is good. Given a good spectral triple /C = {A, H, D) with A endowed with the 
/C-topology, we prove that the product is analytic on ^ x ^ and that the involution 
is smooth on A. We prove also that the group Inv{A) of invertible elements in A 
has a natural structure of generalized Lie group with Lie algebra A, and that the 
associated exponential mapping Exp : A Inv{A) is analytic. 

-In section 4, we begin by recalling the notion of good algebra initiated by R. 
Swan (see [14]) and extensively studied by J.-B. Bost (see [3]) : a topological 
unital algebra A is good if, for the induced topology, the group of its invertible 
elements is a topological group open in A ; the unital Frechet good *-algebras have 
a holomorphic functional calculus so that we can define on it the functors Kq and 
Ki of a topological i^-theory. Given a good spectral triple K. = (AjTi-jD), using 
our crucial Lemma 2 and taking into account that Inv{A) is a nice projective limit 
of analytic Banach Lie groups, one obtains our main result (Theorem 5.3) : the 
group Inv{A) has a natural structure of analytic Frcchct Lie group of Campbell- 
Baker-Hausdorff type (in the sense of [6]- [13]) open in ^ ; in particular, provided 
with the /C-topology, A is an unital Prechet good *-algebra. 
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We derive in Theorem 5.4 two important consequences : the embedding i oi A 

in the C*-algcbra completion of A with respect to |l.||g induces, at the level of 
the /sT-theory, an isomorphism of groups i, : Kj{A) Kj{Ao), j = 0, 1. More- 
over, for n > 0, /C„ = {Mn{A),'H C",D 7„) is still a good spectral triple, so 
that the matrix unital *-algcbra AIn{A) has a natural structure of unital Frcchct 
good *-algebra, improving then a result of R. Swan ([14], Corollary 1.2), and that 
Inv{Mn{A)) is Prechet Lie group of Campbell-Baker-Hausdorff type with Lie alge- 
bra MniA). 

-Section 5 uses extensively a result of J. Leslie and T. Robart (see [6], [13]) 
which ensures the integrability of the closed Lie subalgebras of the Lie algebra 
of a Lie group of CampbcU-Bakcr-Hausdorff type. Given a good spectral triple 
fC = {A,H,D), we study first of all subgroups of Inv{Mn{A)) including pseudo- 
unitary and symplectic groups ; more precisely, given any element SI in Inv{Mn{A)) 
such that = O* = with e G {—1,1}, we prove that the group : 

Un{n;A) = {a e Mn{A)/a*.Q.a = a.Cl.a* = 0} 

is a Prechet Lie of Campbell-Baker-Hausdorff type with Lie algebra 

Un{n;A) = {x G Mn{A)/x*.n + n.x = 0}. 

Then, we discuss about miimodularizable good spectral triples JC = {A- H. D), 
that is to say those for which A may be provided with a /C-trace. Clearly, we mean 
here any normalized trace T which is continuous with respect to the /C-topology of 
A ; in this case, with any integer n > wc associate a /C„-trace T„ on M„(^), we 
prove that ST{n;A) = {x G M„(^)/T„(a;) = 0} is the Lie algebra of a connected 
Prechet Lie subgroup St{'ii',A) of the Prechet Lie group Inv{Mn{A)), and that 
STUn{n]A) = {x € Un{n;A)/Tn{x) — 0} is the Lie algebra of a connected real 
Prechet Lie subgroup STUQ{n;A) of UQ{n;A). 

2. Some preliminaries on analyticity and on generalized Lie groups 
As usual, N denotes the set on nonnegative integers, and we let : N* = N — {0}. 

2.1. On smoothness and analyticity. We recall here a brief outline of basic 

definitions related to smoothness and analyticity in Frcchct spaces (see e.g. [2] and 
[11]). Let E and F be two Prechet spaces over C or R, let Eq be a non empty open 
subset in E and let / be a continuous mapping from Eq into F. Then : 

(1) : / is said to be of class on Eq if for any x in Eq and any clement v in 
E the Gateaux derivative f'{x;v) = lini/MM^/M of / at X in the direction v 

exists, and if the mapping /' : {x,v) £ Eq x E ^ f'{x, v) G F \s continuous. 

(2) : / is said to be of class on Eq if it is of class and if for each v\ in E 

the mapping /(.^ : x f {x, vi) is of class on Eq ; more generally, for k > 1, f 
is of class C*^"*"^ on Eq, if it is of class C'^ on Eq and if the mapping /C^+i) : 



r \ r f^''Hx + t'"k+l,Vl,V2,...,Vk) - f^''\x;Vi,V2,...,Vk) 

{x;vi,V2, ...,Vk+i) I — > hm- 



t^o t 



is continuous on Eq x E'^^^ , and of class C°° if for any in N, / is of class C'' . 
(3) : / is said to be analytic on Eq if / is of class on Eq and : 



4 



J. MARION* AND K. VALAVANE 



-in the case where E and F are complex vector spaces, if for any element x in 
Ef) the mapping : v G E f'{x;v) G F is a continuous complex linear mapping 
from E into F ; 

-in the case where E and F are real vector spaces, if there exists a non empty 
open subset W in E such that / may be extended into an analytic mapping from 
Eo © iW into F © iF. 

Any analytic mapping / from Eq into F is, of course, of class C°° on Eq, and 
for any fc > 1, any continuous A;-linear mapping from E'^ into F is analytic. 

2.2. On the notion of generalized Lie group. 

Definition 2.1. By topological group of exponential type, it is meant a triple (G, Q, E) 
in which G is a metric group, Q is a complete locally convex topological vector space 

and E is a continuous mapping from Q into G such that : 

(1) : yv G G, the m,apping : t R i-^ xp^(t) = E{tv) E G is a 1-parameter 
subgroup of G ; 

(2) : given any pair {v, w) of elements in Q , one has v = w tfj^, = ; 

(3) : a sequence of elements in Q converges to an element v in G if and only 
if the corresponding sequence of elements (jpy^) of 1-parameter subgroups converges 
uniformly on each compact interval to the 1-parameter subgroup ; 

(4) : there exists a continuous mapping a : G x Q ^ Q fulfilling : 

a.Eitv).a-^ = Eita{a,v)) 
for any element a in G and any element v in Q . 

b) The notion of topological group of exponential type (see [12], chap 1.2) gives 
a coherent setting for defining a group theoretical version of differentiability. 

Given a topological group of exponential type (G, Q, E) and a continuous map- 
ping U from K into G, for any integer n > and any real number t, let Ft^n : M ^ G 
be the mapping defined for all s in R by : Ft,n{s) = {U{t + f ).C/(i)~^)" ; then : 

Definition 2.2. (1) : U is said to be differentiable at t if there exist an element 
X{t) in Q, called the derivation ofU att and denoted usually by d^^U , such that on 
each compact interval the sequence (i^t,n)n converges uniformly to the 1-parameter 
subgroup E{sX{t)). 

(2) : U will be said of class C^, or a -curve in G, if U is differentiable at 

any t and if the mapping : t € M ^ dl°^U G G is continuous.. We denote by I 
the unit in G, by C^{G,G) the space of its -curves and by Gl{G,Q) the subset : 

ci{G,g) = {u €GHG,g)/u{Q) = i}. 

c) According to [12], chap 1.3, we are now able to say what is a generalized Lie 
group. Let / be a closed interval [a, 5], let S{I] Q) associated with some subdivision 
A.: a = tQ <ti < .. < tm = b oi I, and let us consider the continuous mapping : 

t 

P{X) -.tGF — ^ JJ E{X{s))ds e G 

a 

called a product integral, and defined for any element t in [t^, < A: < m — 1 

by: 
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t 

P{X){t) = \{E{X{s))ds = E{{t - tk)X{tk)).E{{tk - tk-i)X{tk-i)). ■ ■ ■ .E{{ti - to)X{toj) 

a 

Such a mapping is a piecewise C^-curve in G, and fulfils : 

dl''^p{x)) = x{tk) ytG[tk,tk+i[. 

Definition 2.3. Let (G, G, E) be a topological group of exponential type. G is called 
a generalized Lie group with Lie algebra Q and exponential mapping E if : 

(LI) : C^{G,G) is a group under the pointwise product, and for any pair {f,g) 
of elements in Cl{G,g) one has : dl°^{f.g) = dl°^{f){0) + dl°^{g){0). 

(L2) : For any continuous mapping X : I ^ G and any sequence of 
elements in S(I\Q) converging uniformly to X, the sequence (P(X„)) of product 
integrals converges uniformly, on each compact interval, to a -curve g in G such 
thatdl°^{g) = X{t),teI. 

(L3) : For any f in Cj{G,Q) and any v in Q, the mapping t ^ a{f{t),v) 
is differentiable on M. and ■^{ct{f{t),v))t=o = ^{'^{E{td^t'^f{0),v)) for any f in 

cl{G,g). 

(L4) : The mapping [.,.] : {u,v) G Q x Q t-^ [u,v] = ^{a{E{tu),v))t=o is 
continuous. 

3. Regular spectral triples 
3.1. On the notion of regular spectral triple. 

Definition 3.1. A regular spectral triple is a triplet K. = {A,Ti.,D) in which : 

(1) : A is an unital involutive subalgebra, with unit denoted by I and involution 
by *, of the *-algebra C{(H) of bounded linear operators on some separable Hilbert 

space H ; 

(2) : D is an unbounded self-adjoint operator on Ti, with compact resolvent, and 
such that for any element a in D the operator [D, a] = D.a — a.D lies in C{Ti.) ; 

(3) : A is contained in the domain Dom{5^) of the n-th power of the derivation 
6 = [\D\ , .] on C{T-L) for every n in N, where \D\ = y/D.D. 

According to [5], conditions (1) and (2) are the properties required in order that 

/C is a ii'-cyclc over A ; the smoothness condition (3) ensures that, for any a in ^ 
and any n > 0, the n-th derivative of a with respect to the derivation d = [D, .] is 
well defined. 

Given a regular unital spectral triple fC = {A,H,D) we shall denote by ||.|| 
the C*-norm operator on C{H), and for each integer n > 0, by T^") the family : 
_ (Tfe)o<fe<n, where Tk is the seminorm defined on >1 by : 

r To{a) = M \ 
\ Tk{a) = ^\\d''{a)\\,l<k<n j " 

Endly, we shall set : 
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0<fe<Tl 

Lemma 3.1. For any natural integer n the following properties hold : 

(i) : For any pair {a,b) of elements in A one has : |la.6||^ < ||a||„ ||b||„- 

(ii) : For any element a in A one has : ||a*||„ = 

(Hi) : For any element a in A one has : = + i^n+iy. 

Proof, (i) : One easily checks that for each integer n, 

Tin) 

is a differential seminorm 

on A ; moreover, from Proposition 3.3 of [1] its associated total norm ||.||^ is 
submultiplicative. 

(ii) ; A trivial computation gives, for any positive integer k ; 

S\a*) = {-!)'' {6'' {a))* 
and then, since ||.|| is C*-norm : 

Tk{a*)=Tk{a), and ||a*||„ = ||a||„ . 

(iii) is an obvious consequence of the definition of ||.||^ | 

Lemma 3.2. Let a be any element in A. For any element n in N~ {0} there exists 
a positive constant r]^ such that ||a.a;||„ < ||a||o ||2;||„ + ?7a.„ ll^^lln-i; € A. 

Proof. Let us prove firstly the statement for n = 1. For any pair (a, x) of elements 
in A, by § 2.1(b) one has : 

||a.a.||, = \\a.x\\, + \\[D,a.x\\\ < \\a\\, \\x\\, + \\[D,a]\\ \\x\\ + \\a\\ \\[D,x]\\ , 
so that : 

ll«-a^lli<ll«llo(INIo + ll[A:^]||) + ||[Aa]|||W|o, 

and then : 

||a.a;||i < ||a||o \\x\\-^ + ||[£>,a]|| ||a;||o . 
The assertion is then proved by taking rj^i = a]||. 

Now, let k be an integer >1, and let us assume that there exists a positive 
constant r?^ /. such that for any pair (a, x) of elements in A : 

\\a-x\\k < ll«llolkllfe + Vfe l|2^llfe-i- 

Prom the equality : 
the Leibniz rule leads to : 
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[k + iy. 



o<i<fe+i ^ 



k + 1 



d\a).d''+^-^{x) 



and then 



\d''+^{x)\\ + 



IMU<IMU+(^ 

so that, by inductive assumption and the equahty : 

n „ n „ 1 



E 

i<j<fe+i 



ife+i 



(A:+l)! 



one obtains : 



||a.a;||^_^i < Ak + Bk + Ck, 



with : 



f ^^ = IHlolNU+i 

Bk=Va,k Mk-1 

1 



Ck = 



^ (k + 1 

(fc+l)! ^ I o 
1<J<*;+1 \ 



fc+l 



Let a(a, fc) be the positive number defined by : 

f i.\ f k + 1 

a(a, k) = max 

i<j<k+i V J 

one deduces that : 



Ck<<a{a,k)i 



1 



(fc + l)! 



<a(a,fc) Yl 



\0<j<k+l 

For any integer j such that 1 < J < fc + 1 one has : 



iO<j<fe+l 



\d''+^-^{x)\ 



1 



from which one deduces that Ck < a{a, fc) and then, by (3) : 

||a.a;||fe_^i < ||a||o ||a;||fe+i + Va,k Mk-i + a{a, fc) \\x\\^ . 
Endly, using the fact that ||a;||j,_;^ < one obtains : 



||a.a;||fe+i < ||a||o \\x\\^^^ + {rj^^k + k)) \\x\\^ , 
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which achieves the proof | 

3.2. Unital Frechet *-algebra associated with a regular spectral triple. 

a) Let us recall what is called an /L_B-chain (see e.g. [11], Chap I) : a family 
{E, En;n gN} is called an JLB-chain if the following conditions are satisfied : 

-Vn e N : is a Banach space (over C or M), En+i is embedded continuously 
in En and the embedding z„ : ^ En is a continuous morphism of Banach 

spaces with dense range ; 

-E = f] En is a Prechet space and the topology of E is the weakest topology 

n>0 

such that the natural embedding in : En+i ^ En is a. continuous for all n in N. 

Given a regular spectral triple fC = {A,Ti,D), it follows from § 2.1 that ||.||q is 
a C*-norm and that (|| .||„)„gf^ is a countable increasing family of submultiplicative 
*-norms on A. The completion An of A with respect to \\.\\n is then an unital 
Banach *-algebra, being a C*-algebra. By Lemma 3.1, for any element n in N, 
one has that An+i is a dense unital *-subalgebra of An and that the embedding 
in ■ An+1 ^ An is a. continuous morphism of Banach *-algebras with dense range. 

One easily deduces that : 

Proposition 3.3. Let JC = {A, H, D) he a regular spectral triple. 

The family {An, ||.||„ ,^r^,?^ € N} is a projective system of unital involutive Ba- 
nach algebras, and its projective limit : 

A{1C) = LimAn = An 

' n>0 

is an unital Frechet ^-algebra the topology of which, called the IC-topology, is given 
by the family of * -norms {\\-\\n)neN' particular, {A{IC),An,n € N} is an ILB- 
chain. 

4. Good spectral triple 
4.1. On the notion of good spectral triple. 

Definition 4.1. By good spectral triple, it will be meant any regular spectral triple 
K, = {A, n, D) such that A = ^(/C). 

Proposition 4.1. Let K = {A,'H,D) be a regular spectral triple. Then : 

K,* = {A{]C),n,D) 

is good spectral triple. 

Proof. Given any spectral triple K. = {A,Ti., D), and taking into accoimt that on 
A the /C-topology is stronger that the topology induced by the C*-norm ||.||, the 
inclusion a G A ^-^ a G: C{T-L) is continuous on A provided with the /C-topology, 
and then, extends into the continuous inclusion from A{1C) into C{7i). One easily 
deduces that /C*" = {A{JC), H, D), Hke /C, is a regular spectral triple. Now, observing 
that for any integer n > one has necessarily A{K,)n = An, one deduces that : 

^(/C)(/C#) = LnnA{IC)n = f]A{IC)n = f]An = ^(/C), 

n>0 n>0 

which proves that /C* = {A{K,),'H,D) is good spectral triple | 
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Remark 4.1. By Proposition 4.1, with any regular spectral triple /C = {A, H, D) 

is associated the good spectral triple /C* = (^(/C), 7i, £>). A being a continuously 
and densely embedded unital *-subalgebra of A{JC) for the /C-topology which is 
stronger than the weak topology, one has : 

A C A{1C) C A", 

where A" denotes the bicommutant of A. It follows that, according to the ideas of 
A. Connes ([5]), replacing A by A(JC) if necessary, there is no loss of generality to 
consider only good spectral triples. As a Corollary of Lemma 3.1 and Proposition 
3.3 one obtains : 

Proposition 4.2. Let K. = {A.TL.D) be a good spectral triple. Provided with its 
IC-topology, A is an unital Frechet *-algebra, the involution * is continuous on A, 
and the multiplication is continuous on Ax A. 

4.2. Analyticity of the product and smoothness of the involution. 

Proposition 4.3. Let K. = {A,Ti.,D) be a good spectral triple. A being provided 
with the K-topology, one has that : 

(i) : the multiplication is an analytic mapping from A x A onto A. 

(a) : the involution * is a C°° -diffeomorphism of A. 

Proof. Let m : A x A ^ A, defined by m(a, b) = a.b, (a, 5) £ A x A, and let 
6 : A ^ A defined by 6{a) = a*,a G A. The /C-topology of A being given by the 
norms (|1 •!l„)„gisj! by Lemma 3.1 one has that m is continuous on ^ x ^ and that 
is continuous on A. Assertion (i) follows then from the fact that m is a continuous 
bilinear mapping (see § 2.1). 

Assertion (ii) follows from the continuity of * = 9 = , and from the fact that 
given any pair (x, v) of elements in ^ x ^, by a trivial computation one checks that 
the corresponding Gateaux derivative is : 

nf/ ^ T 9{x + tv) - 9(x) ^ , 
6 {x;v) = lim^ j — = v* = 6{v), 

so that : v G A 9' {x; v) = 0{v) G Aisa. continuous complex linear mapping from 
A into A, and then (see § 1.1) one has that 6 = is C°° | 

4.3. Exponential mappings for a good spectral triple, a) Let /C = {A, H, D) 

be a good spectral triple. By Proposition 3.3, the family {Ak, i^k-k G N} is 
a projective system of unital Banach *-algebras. One deduces that the sheaf of 
(germs of) analytic functions on A, i.e. the projective limit of sheaves of (germs of) 
analytic fimctions on the Banach spaces Ak, is the sheaf of (germs of) restrictions 
to A of analytic functions on the Ak, € N. Moreover, considering A and the Ak, 
fc e N, with their natural structure of Lie algebra given the canonical Lie bracket 
[a, b] = a.b — b.a, one has that >l is a Prechet Lie algebra and that all the Ak, k gN, 
are Banach Lie algebras. 

b) Let us recall now well known results related to unital Banach algebras and 
that we summarize here (see e.g. Theorem 22A in [7], § 7 in Chap. II of [4], or 
§ IL7 in [12]) : given an unital Banach algebra B over C, the group Inv{B) of its 
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invertible elements has a natural structure of analytic Banach Lie group open in B, 
with Lie algebra B, and with exponential mapping : 

n— oo ^ 

exp -.h &B I — > expw = ^ — e Inv{B), 

11=0 

which restricts into an analytic difFeomorphism from some convex open neighbor- 
hood of in the algebra onto an open neighborhood of I in Inv{B). 

Furthermore, one has that any continuous 1-parameter subgroup of Inv{B) 
is of the form t ^ exp(tX) for some X in B. We have also to observe that 
{Inv{B),B,exp) is of course a generalized Lie group. 

c) Let us denote by Inv{A) the group of invertible elements in A and by Inv{Ak) 
the group of invertible elements in ^fc, /c e N, and let us consider now the expo- 
nential series Exp of A (resp. : Expk oi Ak, k £N) respectively defined by : 



(4) Exp(v) = —,v € A and Expuiv) = — , v e A, e N. 

n=0 n=0 

As a consequence of the above discussion one obtains : 

Lemma 4.4. Let K = [A^ H, D) he a good spectral triple. Then, for any element k 

in N, the group Inv(Ak) has a natural structure of analytic Banach Lie group with 
Lie algebra Ak, and with exponential mapping Expk defined by (4) ; in particular 
{Inv{Ak), Ak, Expk) is a generalized Lie group. Moreover : 

(1) : Inv{Ak) is open in Ak ; 

(2) : there exists an open neighborhood Vk of in Ak and an open neighborhood 
Wk of I in Inv{Ak) such Expk restricts into an analytic diffeomorphism from Vk 
onto Wk ; 

(3) : Exp is the restriction of Expk to A and maps A into Inv{A). 

4.4. On some properties of the exponential mapping. As concerns the prop- 
erties of the mapping Exp, £ A, "ik G N and Vp e N — {0} one has : 



115 ^ (V) S (v)\\ - I 



where for each n > : 



S„{v) = 1 + v + ... + — + ... + — 
j! n! 

is the (n+ l)-th partial sum of Exp{v). Since A is complete for the /C-topology, one 
deduces that the exponential series Exp{v) is uniformly and absolutely convergent 
on any bounded subset of A with respect to the norm for any integer A; > 0. 
It follows that the mapping Exp : v Exp(v) is continuous on A, and of course, 
takes its values in the group Inv{A). 

Lemma 4.5. Let K. = {A, H, D) be a good spectral triple. Considered as a mapping 
from A into A, the mapping Exp is analytic and is the unique analytic solution of 
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the differential equation : 

^ {ii^{tx)) = x4{tx), i}){Qx) = 1, xe A. 

Proof. G M and Vn G N*, y{v, w) £ a. trivial computation shows that : 

^""^^'"f"''" = tF^{v,w)+t'F^{v,w) + ...+t"F:{v,w), 

where, for any integer d such that 1 < d < n, F^{v,w) is an homogeneous 
polynomial function with total degree n. One obtains in particular that : 



Lim 



(v + twY - 
tn\ 



j=n-l 

E 

j=0 



V .w.v 



and then, for any integer k : 



Let us consider now the series : 



By (4) one has : 



{v + tw)'' - v" 



n=0 n=0 



< ||w|Lexp(||w| 



keN. 



It follows that the exponential mapping Exp has a Gateaux derivative at any 
point u in >l in any direction w of A, given by : 



n— C30 n—oo n—oo 

(6) Exp'iv; w)=J2 Kiv, w') = E E .w.v^-'-^ . 

n=0 n— n— 

One deduces that Exp' : {v,w) & A x A i-^ Exp'^{w) = Exp'{v;w) G ^ is 
continuous, and that Exp'^ : w € A ^ Exp'^{w) = Exp'{v]w) e .4 is a C-linear 
mapping. 

According to the notion of analyticity recalled in 1.1, one deduces that Exp is a 
complex analytic mapping from A into A taking its values in Inv{A). 

Now, considering for each clement v in A the mapping ijj^. : M -^A defined by 
ijjjj{t) = Expitv) which takes its values in Inv{A), a trivial computation gives : 

^(lAJt)) = with ^,(0) = I. 

The assertion follows from the fact that the equation ^{tpvi^)) ~ ^•V'w(^)' 
il>y{0) =1, X G A, has at most one analytic solution (Cf. [8], Assertion 3.11) | 

Prom Lemmas 4.4 and 4.5 one deduces easily that : 
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Lemma 4.6. Let K = {A,H,D) be a good spectral triple ; then {Inv{A),A,Exp) 
is a generalized Lie group. 

5. The good unital *-algebra of a good spectral triple 

5.1. On the induced /C-topology. Let /C = {A, H, D) be a good spectral triple. 

In 2.2(a) it has be shown that, for any clement n in N, the natural embedding 
: An+l ^ A n is a continuous morphism of Banach *-algebras with dense range, 
so that {^In, IMI„ ,«nj?^ e N} is a projective system of unital involutive Banach 
algebras, the projective limit of which is the unital Frechet *-algebra : 



A = LimAn = Pi An- 



n>0 



At the level of the corresponding Banach Lie groups Inv{An), n G N, one has to 
observe that in{Inv{An+i)) is a subgroup of Inv{An), that the restriction j„ of i„ 
to Inv{An-i-i) is a continuous morphism of topological groups, and that : 



f Inv{An+l)=Inv{An)r\IlT''"{-^n+l = {jn) ^{Inv{An)) 1 

1 J« ° cxp„_^i = exp„ oin J 

Endly, the embedding i„ : An+i ^ A„ being in particular a continuous linear 
mapping, is analytic (see 1.1), and since Inv{An+i) and Inv{An) are open in 
respectively An+i and Am one has that j„ is an analytic injection of Banach Lie 
groups from Inv{An+i) into Inv(An)- 

Lemma 5.1. Let IC = {A,H,D) be a good spectral triple. Provided with the topol- 
ogy induced from the IC-topology of A the group Inv{A) is a topological group. 

Proof. Let /C = {AjTi^D) be a good spectral triple, and let us provide the group 

Inv{A) with induced topology of the /C-topology of A. 

It follows from the above discussion that it is the weakest topology for which all 
the embedding of typological groups : 



jn ■■ Inv{An+l) ^ Inv{An) 

are continuous, so that {Inv{An),jn, n G N} is a projective system of Banach Lie 
groups, having as projective limit Inv{A) provided with the induced /C-topology. 
Moreover, one has that {An, || .||„ , z„, n G N} into the projective system of topolog- 
ical spaces {Inv{An), jm n G N}, so that Exp = LimExpn- 

For any n in N, let m„ : Inv{An) x Inv{An) Inv{An) be the multiplication 
on Inv{An), and let invn ■ Inv{An) — > Inv{An) be the mapping : 



a G Inv{An) * Inv{a) = a ^ € Inv{An). 

One easily sees that {m„,n G N} is a projective system of smooth mappings 
from the projective system of Banach Lie groups {Inv{An) x Inv{An),jm G N} 
into the projective system of Banach Lie groups {/nt;(^„), j„,n G N}, and that 
{inVn, n G N} is a projective system of smooth mappings from the projective system 
of Banach Lie groups {Inv{An), 3n,n G N} into itself. The proof follows them from 
the fact that the multiplication : 
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m = liniTOn : Inv{An) x Inv{An) — * Inv{An) 
is continuous on Inv{A) x Inv{A), and likewise, that the mapping : 

inv = limmu„ : a G Inv{An) '-^ Inv{a) = e Inv{An) 
is continuous on Inv{A) | 

5.2. On the category of good unital Frechet *-algebras. a) Adapting a no- 
tion initiated by R. Swan ([14]) for topological rings, J.-B. Bost has considered in 
[3] the class of good topological algebras, namely : the class of unital topological 
associative algebras A over C for which : 

-the group Inv{A) of invertible elements in A open in A, 
-the mapping a G Inv{A) ^ e Inv{A) is continuous.. 

It is well known that any unital Banach algebra A is a good topological algebra 
since, in such a case, the group Inv{A) is a Banach Lie group open in A (sec e.g. 
[4] and [7]) ; but there exists unital Frechet algebras which are not good topological 
algebras (see e.g. [3], A. 1.2). 

Definition 5.1. By good unital Frechet *-algehra, it will he meant an unital Frechet 

*-algebra which, as unital topological algebra, is a good algebra. 

b) As a matter of fact, the good complete Hausdorff locally convex topological 
algebras constitute the objects of a category Q on which one can define the functors 
Kq and Ki of the topological _ft'-theory, on account of the fact that such algebras 
have a holomorphic functional calculus ([3], A. 1.5). One obtains then a subcategory, 
by taking as objects the good unital Frechet *-algcbras, and as morphisms the 
continuous *-morphisms of Frechet *-algebras. 

Given two good unital Frechet *-algebras A and B, any continuous *-morphism 
(f) : A^ B such that 4>{Ia) = Is induces in a standard way a morphism of abelian 
groups : 

0, :if,(^)^K,(i?),.j=0,l. 

As a direct application of an important result of J.-B. Bost ([3], Theorem A. 1.2) 
to which we refer, and which generalizes a well known result of R. Swan ([14], 2.2) 
related to the case of unital Banach algebras, one obtains : 

Lemma 5.2. Let A and B he two good unital Frechet ^-algebras, and let <j) he a 
continuous unital * -morphism from A into B such that : 
(ii) : (j>{A) is dense in B, 

(ii) : (j)-\lnv{B)) = Inv{A). 

Then <j)^ : Ki{A) — ^ Ki{B), i = 0,1, is an isomorphism of groups. 

5.3. The main results. 

Theorem 5.3. Let K. = {A,T-L,D) he a good spectral triple, and let us provide 
A with the corresponding K-topology. Then, Inv{A) has a natural structure of 

analytic Frechet Lie group open in its Lie algebra A, and for any integer k > one 
has : Inv{Ak) = AkC\Inv{Ao) ; moreover, its exponential mapping Exp : A 
Inv{A) is analytic and restricts into an analytic diffeomorphism from some open 
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neighborhood of zero in A onto some open neighborhood of the unit I in Inv{A). 
In particular A is a good unital Frechet *-algebra and Inv{A) is a Lie group of 
Campbell-Baker-HausdorjJ type. 

Proof, a) Let us prove firstly that Inv{A) is open in A and tiiat for any integer 
fc > one has : 

Inv{Ak) = Akf^Inv{Ao). 

Taking into account that for any k in N, the Banach Lie group Inv{Ak) is open 
in the Banach algebra Ak, that A = An and that Inv{A) = f] Inv{An), it 

n>0 n>0 

suffices to prove that : 

Inv{Ak) = Akf] Inv{Ao) Vfc e N. 

In particular, for fc = 0, since the exponential mapping expQ : ^ Inv{Ao) 
restricts into an analytic diffeomorphism from some convex open neighborhood of 
onto an open neighborhood of I in Inv{Ao), we can find a real number e, < e < ^ 
such that : 

W = {1 + v/v e ^0 and < e} 

is an open neighborhood of I in Inv{Ao). The fact that Inv{A) is open in >l is a 
now consequence of the following two assertions : 

-Assertion (P) : VKf] A C Inv{Ak), V/c € N, 

-Assertion (Q) : Akf]Inv{Ao) C Inv{Ak), VA; e N. 

a-1) : Proof of Assertion (P). Observing that this assertion is trivial for k = 0, 

let us assume that for some integer n > 1 : WPl-^n-i C Inv{An-i). In order to 
prove that M^P|^„ C Inv{An), taking into account that Wf\Inv{An) is open in 
the connected topological space p|^„, it suffices to prove that W f]Inv{An) is 
closed in Q An ■ 

Given any element a in the boundary of W f]Inv{An) in W^Pl"^"' (.'^p)p be 
a sequence of elements in W f]Inv{An) f]^ converging to a with respect to 
and let us consider the mapping l{a) : An An (resp : l{ap) : An — > An,P S N) 
consisting of the left mutiplication by a (resp. : hy ap,p £ N). 

We want to prove, first of all, that l{a) is a continuous bijection on An- In fact, 
although the l{ap) p e N, are continuous bijections on An, we can only assert that 
l{a) is a continuous injection, so that it remains to prove that l{a) is a surjective 
mapping. This proof is based on two points : 

(a-l-a) : Since a lies in W^Q^„ for every x in An, a first point is that, by 
Lemma 3.2 : 

\Mn - = Mn - Mn < 11(1 " «)-^lln < ^ II^L " Va,n Mn-1 > 

SO that one obtains the inequality : ||Z(a).T|l^ > ^ — rj^^^ |1.t|1„_j, which, taking 
into account the inductive assumption, implies that l{a){An) = a.An is closed in 

An' 
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(a-l-/3) : The second point consists of proving that An C l{a){An), so that l{a) 

is a bijcctivc mapping. Let z be in An since l{ap) is bijective for each p in N, we 
can find a sequence {xp)p of elements in An such that : z = l{ap)xp = Qp.Xp. 
Now, a.An being closed in An one has : 



lim ttp.Xp = lim a.Xp 

p— ^oo p—*oo 

so that one has to prove that lim a.Xp = z. By Lemma 4.5, for any p in N* one 

p—*oo 

has : 



||ap-a;p||„ > \\a-Xp\\„ - \\ap - a\\^ \\xp\\^ > - \\xp\\^ - r;„_„ \\xp\\^_i - \\ap - a||„ ||a;j,||„ , 
from which it follows, for sufficiently large p, that 

Let us prove now that Wf]Inv{An) is closed in T4^n-^n i taking into account 
the inductive assumption which implies that ^||2:p||„_ij is a bounded sequence, 

the inequality (9) implies that (||2:p||„)p is bounded ; then, by Lemma 3.1 : 

11^ - a.XpW^ = Wup.Xp - a.XpW^ < \\{ap - a).Xp\\^ < \\ap - a\\^ \\xp\\^ 
proving that lim a.Xp = z, that a e Inv{An), and that W f]Inv{An) is closed in 

wr\An. 

a-2) : Proof of Assertion (Q). Let x be any clement in Ak Pl-^^'^l-^o)- One has 
in particular that x~^ lies in the Banach Lie group Inv{Ao), so that we can find a 
sequence {vp)p in A such that lim \\vp — x~^ IL = and then, for sufficiently large 

p—>oo " 

p one obtains : ||1 — t^p-xHp < s. 

b) We have now to prove that Inv{A) has a structure of Frechet Lie group with 
Lie algebra A. First of all, since Inv{A) is open in the Frechet algebra A, Inv{A) 
inherits a natural structure of Frechet manifold, the underlying topology being the 
induced /C-topology. 

Then, taking into account that {Inv{An),jn,n S N} is a projective system of 
analytic Banach Lie groups having Inv(A) as projective limit (see the proof of 
Lemma 5.1), by Lemma 4.4 one has that {Expn,n G N} is a projective system of 
analytic mappings from the projective system of Banach algebras {An,n G N} into 
the projective system of analytic Banach Lie groups {/nu(^„), j„, n € N}, so that 
Exp = limExpn is an analytic mapping from A into Inv{A). 

We have to recall now, by Proposition 4.3 that the multiplication m : Ax A ^ A 

is an analytic mapping ; Inv{A) being open in A, one easily deduces that its 
restriction, still denoted by m, to Inv{A) x Inv{A), is analytic mapping from 
Inv{A) X Inv{A) into Inv{A). 

Moreover, denoting by inVn the mapping : 

a e Inv{An) — * invn{a) = e Inv{An), n gN, 
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{invn,n e N} is a projective system of analytic mappings from the projective 
system of analytic Banach Lie groups {/nt;(>l„), j„,n € N} into itself, and then, 
the mapping : 

inv = limmt;„ : a G Inv{A) i — > inv{a) = G Inv{A) 

is analytic on Inv{A). Since, by Lemma 4.6, {Inv{A),A, Exp) is a generalized 
Lie group, using standard arguments, (see e.g. [12]), one easily concludes that the 
group Inv{A) provided with the Frechet manifold structure inherited from that of 
the Frechet space A is an analytic Frechet Lie group open in A, with Lie algebra 
A and exponential mapping Exp. 

c) It is well known that, given any analytic Banach Lie group G with Lie alge- 
bra G and exponential mapping cxp : ^ ^ G is a Lie group of Campbell-Baker- 
Hausdorff type, i.e. is such that exp restricts into analytic diffeomorphism from 
some neighborhood of zero in G into some neighborhood of I in G (see e.g. [11], 
§!)■ 

Since {Expn, n € N} is a projective system of analytic mappings from the projec- 
tive system of Banach algebras {An, inn G N} into the projective system of analytic 
Banach Lie groups {Inv{An),jn,n G N}, one deduces easily that exponential map- 
ping Exp : A — > Inv {A) is analytic and restricts into an analytic diffeomorphism 
from some open neighborhood of zero in A onto some open neighborhood of I in 
Inv{A). Inv {A} is then a Frechet Lie group of Campbell-Baker-Hausdorff type and 
>l is a good unital Frechet *-algebra | 

Theorem 5.4. Let K, = (AjTijO) be a good spectral triple, and let Ao be the 

completion of A luith respect to the C* -norm \\.\\ of operators in TL. 

(1) : The natural embedding i of A in the unital C* -algebra Ao induces, for the 
associated K -theories, an isomorphism of groups i* : Kj{A) — > Kj{Ao),j = 0, 1. 

(2) : For any integer n > 1, let In be the identity on C" and let Mn{A) be the 
unital ^-algebra of n by n matrices over A. Then, /C„ = (M„(^), 7^ig)C", is 
good spectral triple. 

Proof. (1) : Since any unital G*-algebra is a good algebra, assertion (1) is an 
obvious consequence of Theorem 5.3 and Lemma 5.2. 

(2) : First of all, one easily sees that /C„ is exactly the tensor product of the 
good spectral triple /C = {A,'H,D) with the trivial spectral triple (M„(C), C", I„) 
(sec [5]), so that /C„ is a spectral triple. Moreover, since for all integer p > the 
algebra A is contained in the domain of the p-th power of the derivation [|D| , .], 
one deduces that Mn{A) lies in the domain of the p-th power of the derivation 
[|Z? (X) In! J •] SO that JCn is a regular spectral triple. Endly, since {A, Ak] A; G N} is 
an ILB-chain, one easily check that {M„(^)(/C„), Mn{Ak); A; G N} is an ILB-chain, 
from which one deduces that : 

Mn{A){Kn) = limM„(A) = {~]Mn{Ak) = Mn{f]Ak) = Mn{A) 

k>0 k>0 

so tlicit, finally, JCyi is a good spectral triple and that Mn{A) is a good unital Frechet 
*-algebra. Furthermore, the equality : 
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n M„(A) = M„( fl A) = Mn{A) 

k>0 k>0 

implies that the /C„-topology is the n^-fold product of the /C-topology of ^ | 

Theorem 5.5. Let K = {A, H, D) he a good spectral triple and let n he any positive 
integer. Then : 

(i) : The group Inv{Mn{A)) of invertihle elements of M„(A) has a natural 
structure of Frechet Lie group of Camphell-Baker-Hausdorff type with Lie algebra 
Mn{A) and exponential mapping Expn ■ Mn{A) — > Inv{Mn{A)) given for any 
element v in Mn (A) by : 

Expniv) =22^- 
n>0 

(a) : Given any closed Lie subalgebra L of Mn{A), there exists an unique con- 
nected Lie subgroup L of Camphell-Baker-Hausdorff type of Inv{Mn{A)) the Lie 

algebra of which is C. 

Proof. Assertion (i) is a consequence of Theorems 5.3 and 5.4, Formula (4) and 
Lemma 4.4. Assertion (ii) follows from (i) and from Theorem 3.2 of [13] (see also [6]) 
which asserts that any closed Lie subalgebra of a Lie group G of Campbcll-Baker- 
Hausdorff type is the Lie algebra of an unique connected Lie group of Campbell- 
Baker-Hausdorff type embedded in G | 

6. On some Frechet Lie subgroups of Inv{Mn{A)) 

Let /C = {A, H, D) be a good spectral triple and n be any strictly positive integer. 

6.1. The Fi"echet Lie groups of Campbell-Baker-HausdorfF type UQ,{n]A). 
a) For any integer n > 0, we shall consider the sets : 

(8) Jin; A) = {n& Lnv{Mn{A))/n-^ =n* =en,ee {-1, 1}}, 

(9) J^{n;A) = {fl G Inv{Mn{A))/n-^ = Q* = ±fl}, 

so that J{n;A) = J+{n:A) U J~{n;A). With any clement fl in J^{n;A), we 
associate : the mapping an : Mn{A) — > Mn{A) given by : 

(10) £7Q(a) = T^.a*.fl, a G Mn{A), 
and the sets : 

J Un{n;A)) = {a€ Mn{A)/a*.n + n.a = 0} \ 

\ UQ{n;A)) = {aeInviMr,{A))/a*.fl.a = n} J 

Theorem 6.1. Let K, = {A,H,D) be a good spectral triple. Given any strictly 
positive integer n and any element fl in J{n; A) one has that : 

(i) : a J is a continuous involution of the Lie algebra Mn{A) commuting with 
the involution *. 

(ii) : Un{n;A)) is a closed real form of the Frechet Lie algebra Mn{A). 
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(in) : Ua{n]A)) is a closed Lie subgroup of Campbell-Baker-Hausdorff type of 

the Frechet Lie group Inv{Mn{A)), with Frechet Lie algebra UQ{n;A)) and with 
exponential mapping Expa which is the restriction toUQ{n;A)) of the exponential 
mapping Exp : Mn{A) — > Inv{Mn{A)). 

Proof. Let SI be any element in J7(n;^) so that = fl* = sCl, with e = ±1. 

(i) : For every x, y in Mn{A) and any complex number A one has : 

• : an{x + Ay) = -sfl.{x + Xy)*.fl = -efl.{x* + Xy*).fl = anix) + Xan{y); 

• : anix)* = {-en.x*.n)* = -en* .{x*)* .n* = -e{en).{x*)* .(eSl) = -en.{x*)*.n = aQ{x*) 

which proves that ctq commutes with * in Mn{A) ; one has also : 

o-n{an{x)) = -en.aQ{x)* .fl 
= —efl.aQ{x*).n 

= -en.{-en.x.n).n 

= {-en^).x.{-en^) 

= X 

which proves that (Tq is an antiautomorphism of order 2 of Mn{A) ; moreover one 
has : 

o-nixy) = aQ{x).an{x) and an{[x,y]) = [an{x),aQ{y)]. 

Endly, the continuity of ctq follows from that of the multiplication and of the 
involution *. 

(ii) : Let us observe now, that given any element x in Mn{A), one has : 

an{x) =x'^ x + eSl.x*.Sl = <^ fl.{x + eSl.x*.Sl) = 0^fl.x + eSl'^.x*.fl = 
and then : 

(Ta(a;) = x <^ Sl.x + x*.fl = 0<^ x £ Un{n\ A)), 

so that : 

Un{n;A)) = {x & Mn{A)/x*.Q. + Q..x = 0} = {a; e Mn{A)/an{x) = x}. 

The equality : an{x + Ay) = anix) + \an{y), {x,y) e Mn{A) x Mn{A) stated 
in (i) and the fact that (jq is an antiautomorphism of Lie algebra on Mn{A) imply 
that Un{n;A)) is a real Lie subalgebra of Mn{A). 

By proposition 4.2 and Theorem 5.4(ii), Mn{A), provided with the /C„-topology, 
is a Frechet Lie algebra. Observing that Un{n\Ay) = ker(cro — IdM^(A))i where 
IdM„{A) denotes the identity on Mn{A), the continuity of an implies the closeness 
of Unin^A)) in the Frechet Lie algebra Mn{A), which is then a real Frechet Lie 
subalgebra of Mn{A). Moreover, on has the direct sum : 

Mn{A) = Un{n; A)) ® iUn{n; A)), 

the decomposition being given by : 

X = ^{x + crQ(x)) + i{^aQ{x) - ix). 
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Ui-i{n;A)) is then a real form of Mn{A). 

(iii-a). Let us prove firstly that Uiiin;Aj) is a closed subgroup of /nu(M„(yl)). 
Let a,b in Un{n;A)) ; one has a*.i}.a = n — b*.il.b, and then : 

{a.by.n.{ab) = b*.{a*.n.a).b = a.fl.a* = f). 

Furthermore : 

{n*.a*.n).a = a.{n*.a*.n) = I„, 

where I„ denotes the unit element of Af„ {A) . 

One deduces that any a in Un{n;A)) is invertiblc in Un{n;A), that : 

a e Un{n;A) ^ ae Inv{Mn{A)) and a^^ = fl* .a* .ft = eft.a* .ft, 

and that Un{n;A)) is really a subgroup of /nti(Af„(^)). 

Endly, from the continuity of the multiplication and of the involution *, one 
easily deduces the closeness of U^{n] A) in M^iA) and then in the open Frechet Lie 
group Inv{Mn{A)). 

(iii-b). Let Expo, be the restriction of the exponential mapping Exp(^n) from 
Mn{A) into Inv{Mn{A)) (see Theorem 5.5) to the Lie subalgebra Ufi{n;A)) of 
Mn{A)), let V be any element in Uq^h; A)) and let us compute (ExpQv)* .fl.Expnv. 

Taking into account that for any x in Un{n;A)) one has x = —£Q.x*.Q, one 
obtains : 



{Expnv*.n.Expnv.n) = Expnv* .n.Expnv.n = Exp^^)V*.n. ^(-e)" ^ ' .n. 



— t 

Moreover, since ft'^ = el„, one has : {i}.v*.n)" = e"~^ri.(i;*)".ri, and then : 



{Expnvy.n.Expnv.fl = Sxp(„)i;*.17. ^ (-l)»(g)»(g)"-i ("■"^;")" .fi 

\n>0 / 

= e(£'a;p(„)z;*).el„.(£;a;p(„)(-u*))eel„ = I„ 

It follows that : 

{Expnv)* .Q.Expnv = [Expnv)* .Q..Expuv.Vl.{efl) 

= n 

and then that Exp^v lies in Uii{n; A)) for any element v in Un{n; A)). One deduces 
that : 

llnin;A)) = {u G ^/£;a;p(„) (to) G C/j2(n;yl)Vt e R}. 



(iii-c) : Since Un{n; A)) is closed in Inv{Mn{A)) and Un{n; A)) closed in Mn{A), 
it follows from Proposition 3.4 in Q that (Un{n]A)),UQ{n]A)),Expn) is a gen- 
eralized Lie group. One deduces then from Theorem 5.5 that l^Q{n;A)) is the Lie 



20 



J. MARION* AND K. VALAVANE 



algebra of a unique connected Lie group T of Campbell-Baker-Hausdorff type em- 
bedded in Inv(Mn{A)) with exponential mapping ExpQ. Wc achieve the proof 
by observing that, taking into account the above discussion, UQ{n;Aj) is a closed 
Prechet Lie subgroup of Inv{Mn{A)) and that T is necessarily the connected com- 
ponent of f7n(n; I 

6.2. Examples. Let /C = {A,H, D) be a good spectral triple. 

a) The unitary groups U{n]A). For any strictly positive integer n the unit 
element I„ of Mn{A) hes in the set J^{n] A). The Frechet Lie group of Campbell- 
Baker-Hausdorff type Ui^{n;A), that we shall denote by U{n;A), is called the 
unitary group of M„(^). 

It follows from Formula (11) that : 

(13) U{n; A) = {ae Inv{Mn{A)) / a* = a'^). 

By (11) and Theorem 6.1, its Lie algebra Ui^ (n; A)), that we denote by U{n; A)) 

is : 



(14) 



U{n;A)) = {a e Mn{A)/a* + a = 0}. 



In the case n = 1, one usually lets U{A) =U(\;A) et U{A) = J7(l,^)and one 
has then : 



(15) 

In the case n = 2 one obtains 



U{A) = {a G A/a* = -a] 
U{A) = {a e A/a*. a = a.a* = 1} 



(16) U{2 ■,A) 



-b* d 



e M2{A)/ia,d) €U{Af,b€ A 



(17) U{2;A) = {{ I ^ ]GM2{A)/ 



a*. a + c*.c — I 
b*.b + d*.d = I 
a*.b + c*.d = 



b) The sympletic groups Sp{n;A). For any integer n > the matrix : 



-I„ 
I„ 



lies in J~{2n;A). 

We shall denote by Sp{n; A) the Frechet Lie group of Campbell-Baker-Hausdorff 
type ?7Q(„)(2n; ^). By theorem 6.1, its Lie algebra is Sp{n;A) = UQ(^n){2n; A). 
Sp{n;A) will be called the sympletic group of M2n{A) = M2(M„(>1)). Taking into 
account Formula (11) an easy computation gives : 



(18) Sp{n;A) = {{ ^ \^ ) € M2(M„(^))/ 



b* = b 
c* =c 



GOOD SPECTRAL TRIPLES 



21 



(19) Sp{n;A) = 




€ M2{Mn{A))/ 



c .a — a .c 
d*.b=b*.d 
d*.a + b*.c = In 



c) The pseudo-unitary groups U {p, q; A) . 

Let us fix now a pair (p, q) of strictly positive integers : the matrix : 



I{p,q) = 




lies in Sf^ip + q',A). Wc observe now that for any pair (r, s) of strictly positive 
integers, and denoting by Mr^s{A) be the ^-module of r x s matrices over A, so 
that Mr,r{-A) = Mr{A), the involution *onA extends into a mapping, stiU denoted 
by *, from Mr^s{A) onto Ms^r{A) such that : 



{{cii,j)l<i<rS<j<s) — (a* i)l<i<r4<j<s 

The pseudo-unitary group U{p,q;A) is by definition the Frechet Lie group of 
Campbell-Baker-Hausdorff type Ui(^p^qj{p + q;A) ; by Theorem 6.1 its Lie algebra 
is + g; A) that we shall denote hy U{p + q; A). Using Formula (11) an easy 

computation gives : 

a e U{p;A) 1 1 
d€U{q;A) ) 

b e Mp,g(^) J J 

a e Mp{A) 1 ' 
b£Mp^q{A) 
c e Mg^piA) 
deMqiA) 

a* .a — c* .c — Ip 
d*.d~b*.b = Ig 
a*.b = c*.d 

7. Unimodularity in good spectral triples 

7.1. /C-traces. 

Definition 7.1. Let JC = {A,H,D) be a good spectral triple. 

(1) : By K-trace over A it will be meant any linear form T : A^ C on A such 
that : 

(a) : T{a.b) = T{b.a), T{a*) = T(a), T{a*.a) > for every a, b in A, and T(I) = 1; 
{(3) : T is continuous with respect to the JC-topology of A. 

(2) : We shall say that K. is unimodularizable if the set T(/C) of IC-traces over A 
is non empty. 

Proposition 7.1 below gives a first class of examples of unimodularizable good 

spectral algebras. We recall that given a spectral triple (^, 7i,D), ||.|| denotes the 
restriction to A of the C*-norm of the C*-algebra £(H) of bounded linear operators 
on H, and that Ao denotes the C* -completion of A with respect to ||.||. 



(20) 



U{p,q;A) 




e Mp+g{A)/ 



(21) U(p,q;A)={ 



^ ^ 1 e Mp+giA)/ 
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Proposition 7.1. Let K, = {A,H,D) be a good spectral triple such that the C*- 

algebra Aq has a normalized finite trace T. The restriction ofT to A, still denoted 
by T, is a KL-trace over A. In particular, if Aq is a factor of type IIi, the restriction 
to A of the unique normalized faithful finite trace of Ao is a K,-trace over A. 

Proof. Let K, = {A, H, D) be a good spectral triple, and let us assume that the C*- 
algebra Ao has a normalized finite trace T. Then T is continuous, and its restriction 
to A, still denoted by T, is a linear form on A which is continuous with respect 
to ||.|| and which fulfils Condition (a) required in Definition 7.1. We achieve the 
proof by observing that, since the topology induced by ||.|| on ^ is weaker than its 
/C-topology (see proof of Prop. 4.1), T fulfils also Condition (/?) | 

Proposition 7.2. Let K = {A, Ti., D) be a unimodularizable good spectral triple, 
and let T be any IC-trace over A. Then, for any strictly positive integer n, the 
mapping T[„] : M„{A) C defined for any a = (aij) M„{A) by : 

-j^ i—n 

is a ICn-trace over Mn{A), and then /C„ = {Mn{A),'H (g) C",Z) 7„) is unimodu- 
larizable. 

Proof. It is a direct consequence of Assertion (ii) of Theorem 5.4 | 

c) Given a family JF = {/Ci = {Ai,Ti.i, Di),i = 1, 2, n} of n unimodularizable 
good spectral triples, n being any strictly greater than 1, we shall denote by : 

-A the direct sum of unital *-algebras : A = Ai (B A2 (B ■■■ ® An, so that any 
element a in ^ is of the form a = ai © 02 ® ... ® a„, with Oi belonging to Ai, 
i = 1,2, ...,n ; 

-I = Ii I2 ® ... ® I„ the unit element of A, Ii being the unit elemnt of Ai, 

i = 1, 2, n ; 

-H the direct sum of Hilbert spaces : Ti. = Hi (B 'H2 ® ■■■ ® H„ ; 
-D the direct sum of operators : Di Q) D2 ® ■■■ Q) (acting naturally on Ti). 
From the fact that all the ICi = {Ai,Hi, Di),i = l,2,...,n, are good spectral 
triples, one easily deduces that their sum /C = {A, H, D) is a good spectral triple. 

Proposition 7.3. Let {/C, = {AijHi, Di),i = 1,2, ...,n} be a T- family of n good 
spectral triples, where n is an integer strictly greater than 1, and for each index 
i = 1,2, n, let Ti be a K-i-trace over Ai. Let us denote by T^'^ i — \,2, n, the 
mapping from A into C defined for any element a = ai ® 02 ® ... ® a„ in A by : 

(#) TW(ai ® as ® .•• ® a„) = Ti{ai),i = 1, 2, n. 

Then K, = {A, Ti., D) is an unimodularizable good spectral triple, and T(/C) con- 
tains the set of elements of the form T = uiTi + M2T2 + ... + UnTn, M2, Un) 
being any n-uplet of non negative real numbers fulfilling ui + U2 + ••• + w„ = 1. 

Proof, (i) : One easily deduces from Proposition 7.2 that for any i = 1,2, n, the 
mapping T^*) : ^ ^ C defined by (#) is a /C-trace over A. 

Observing that the system {T^^\T^'^\ ...,T(")) is a linearly indcpcndant system 
in the vector space V(/C) of linear forms on A fulfilling conditions (a) and (/3) given 
in Definition 6 and which arc continuous with respect to the /C-topology of A, one 
deduces now that the convex hull of the set (T^^^T^^^ ...,r(")) is a subset of the 
set of /C-traces over A | 
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7.2. /C-traces and Dixmier traces : the case of finite direct sums of dense 
unital *-algebras of factors of type IIi. a) Let us recall firstly what it is called 
by A. Connes a d"'"-summable spectral triple, d being a strictly positive real number 
(see e.g. [5]). 

For any clement L in the two-sided ideal /C(7i) of compact operators on some 
separable Hilbcrt space H let us denote by {ii^{L))n the sequence of eigenvalues of 
operator \L\ = {L*L)^ counted with their multiplicities and arranged in decreasing 
order. The Dixmier ideal £^^'^{T-L) consists of element L in K{H) for which the 
sequence : 

/ ^=N-l \ 

\ ^ i=0 / N>1 

is bounded. £^''^{71) is the domain of the Dixmier trace T^^, which allows to sum 
logarithmic divergences. According to [5], given a real number d > 0, a good 
spectral triple /C — {A,H,D) which is such that € £^'~^{H) is said to be a 

d^-summable. It is known (see e.g. [5]) that for any (i+-summable spectral triple 
/C = (AjHjD), the associated functional : 

: L ^ $^(L) = T^{L. \D\-'^), L e £{H) 

is an hypertrace on A, which means that ^^{a.L) = ^^{L.a), L G £{'H), Va e A, 

and it is a trace on £{TC) vanishing on the subspacc of Hilbcrt-Schmidt operators. 

We shall denote by the trace on A obtained by restriction $^ to ^ ; by misuse 
of language we shall call 5^ : the Dixmier trace of A. Of course, if W is a finite- 
dimensional vector space 'EP is the zero trace, while if Ti is an infinite-dimensional 
vector space, the unit I (which is the identity on TL) is not Hilbert-Schmidt, so that 
S^(I) ^ 0. 

Lemma 7.4. Let K, = {AjHjD) be a -summable good spectral triple for some 
strictly positive real number d, and let us assume that H is an infinite- dimensional 
Hubert space and that Ao is a factor of type II\ . Then : 




'D 



is a IC-trace over A. 

Proof. Let us assume that is a factor of type IIi. Then, the center of A, like 
the center of Aq is exactly CI ; taking into account that any trace on A necessarily 
vanishes on non central elements, it follows that the Dixmier trace of ^ is a 
scalar multiple of the restriction to A of the unique normalized faithful finite trace 
of Ao, and since H is assumed to be an infinite-dimensional space, one deduces that 
S^(I) ^ and then, by Proposition 7.1, that : 

is a /C-trace over A | 



24 



J. MARION* AND K. VALAVANE 



7.3. Prechet unimodular groups in unimodularizable good spectral triples. 

Theorem 7.5. Let K = {A, H, D) he an unimodularizable good spectral triple ; we 

endow A with its IC-topology. 

(i) : For any KL-trace T over A, the space St{A) = ker(T) is a closed Lie subal- 
gebra of A containing the derived algebra [A, A] , and one has the direct topological 
sum : 

A = St{A) e CI 

(a) : Let T,T' be two elem,ents in TIJC) ; then : St{A) = St'{A) ^ T ^ T' . 

(Hi) : Let T be any KL-trace over A. For any integer n > Q, there exists an 
unique connected Frechet Lie subgroup Srin ; A) of Campbell-Baker-Hausdorff 
type of Inv(M„{A)), the Lie algebra of which is ST{n;A) = ker(T[„]), where T[„] 
denotes the IC„-trace over Mn{A) defined in Proposition 7.2. 

Srin ; A) will be called the (/C„ ; T)-unimodular group. 

Proof, (i) : Let T be a /C-trace over A. The closeness of Srin-. A) = ker(T) follows 
from the continuity of T on ^ with respect to the /C-topology. Moreover, given 
any pair (a, 6) of elements on A, since one has T{b.a) = T{a.b), one deduces that 
T{[a, b]) = and then, that St{A) is a Lie subalgebra of A containing the derived 
algebra 

Endly, observing that for any element a in ^ one has : 
(Y) a = a- T{a)l + T{a)I 

with T{a — T{a)T) = T{a) — T{a) = 0, one deduces that one has the topological 
direct sum : 

A = STiA)® CI. 

(ii) : Let T,T' be two /C-traces over A ; of course, if T = T' one has St{A) = 
St'{A). Conversely, if St {A) = St'{A) from (Y) one deduces that : 

= T'{a - T(a)I) = T'{a) - T{a)T'{I) = T'{a) - T{a), 
which proves that T' = T. 

(iii) : By Proposition 7.2, /C„ = (M„(^),W0C",£'(g)I„) is an unimodularizable 
good spectral triple (see Theorem 5.4), and T[„] is a /C„-trace over Mn{A) endowed 
with the /C„-topology. 

It follows then from (i) that : 

5T(n;^) =ker(T[„]) 

is a closed Lie algebra of codimension 1 of the Frechet Lie algebra Mn{A). 

By Theorem 5.5, there exists an unique connected Lie subgroup Srin ; A) 
of Campbell-Baker-Hausdorff type of the Prechet Lie group Inv{Mn{A)) the Lie 
algebra of which is Srin: A) = {a e M„ (^)/T[„] (a) = 0}. Of course, Srin ; A) 
is the closed connected subgroup of Inv{Mn{A)) generated by the elements of the 
form Exp(^n)'^ (see Theorem 5.5), with v running in the Lie algebra Srin; A) | 
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Remark 7.1. (1) : By Assertion (ii) of Theorem 7.5., two different /C-traces T 
and T' over A give rise, for any integer n > 0, to two different unimodular groups 
STin ; A) and ST'{n ; A). 

(2) : In [5] the notion of unimodular transformation, in the context of a Von 
Neumann algebra of type IIi has been already considered, using the natural nor- 
malized trace, which is really a continuous trace for the C*-algebra structure ; our 
approach is the same. 

Neverthless, if we want that the unimodular transformations of non Banach 
Prechet *-algebra A with respect to some continuous trace T (if it exists) consti- 
tutes a Lie group like in the Banach case, it is necessary that the closed Lie algebra 
Ker{T) is an integrable Lie subalgebra of A ; unfortunately, since the works of 
H. Omori, it is known that a closed Lie subalgebra of the Lie algebra of a Prechet 
Lie group is not necessarily integrable. The fact that in a good spectral triple 
fC = {A, H, D) the group Inv{A) is of Campbell-Baker-Hausdorff type is then very 
important for the integrability of KeriT). 

(3) : Lemma 7.4 shows that some d^-summable good spectral triple are uni- 
modularizable. It should be interesting to charaterize, in the general case, the 
d+-summable good spectral triples which are unimodularizable. 

Given any good spectral triple /C = {A,H,D), any strictly positive integer n, 
and any element Vl in J{n;A) = {Vt e Inv{Mn{A)) /Vt''^ =Vl* = eVt^e € {-1, 1}}, 
in paragraph 5.1 we have seen that Ua{n;A) = {a € Inv{Mn{A)) / a* .^.a = f2} is a 
real closed Prechet Lie subgroup of Campbell-Baker-Hausdorff type of Inv{Mn{A)), 
the Lie algebra of which is the real Lie algebra (Theorem 6.1) : 

Un{n]A) ={aeMn{A)/a.Vl + n.a = Q}. 

We are now able to precise what are the unimodular subgroups of these groups. 
More precisely : 

Theorem 7.6. Let IC = {A,Ti., D) he an unimodularizable good spectral triple, and 
let T be any K-trace over A. For any integer n > and any elem,ent V, in J{n\ A) 
there exists an unique connected Frechet Lie subgroup STUii{n ; A) of Campbell- 
Baker-Hausdorff type ofUn{n ; A) the Lie algebra of which is : 

STUn{n;A) = {ae ST{n;A)/a*.fl + fl.a = 0}. 

Proof Let SrUnin ; A) be the set {x e .4)/T[„] (x) = 0}, T[„] being the 

/C„-trace over Mn{A) defined in Proposition 7.2. One has then : 

SrUn {n]A)= Un {n;A)f] St {n;A). 

It follows then, by Theorem 7.5 and the continuity of T[„], that STKQ{n;A) is 

a closed real Lie subalgebra of the Lie algebra Srin; A) of the (/C„, r)-unimodular 
group, and then of the Lie algebra Mn{A) of the Frechet Lie group of Campbell- 
Baker-Hausdorff type Inv{Mn{A)). By Theorem 5.5(ii) it follows that there exists 
an unique connected Lie subgroup SrUnin ; A) of Campbell-Baker-Hausdorff type 
of Inv{Mn{A)) whose Lie algbera is the real Lie Frechet algebra STl^n{n ; -4). 
Since SrUnin ; ^) is a closed Lie algebra of L(Q{n ; A) one easily deduces that 
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STUn{n ; ^) is a real connected closed Lie subgroup of ?7n(n ; A) and of the 
(/C„,T)-uniniodular group 5T(n;^) I 

7.4. Examples of unimodular unitary groups, a) Let be a family of n uni- 
modularizable good spectral triples !F = {fCi = {Ai,Ti.i, Di), i = 1, 2, n}, n being 
any strictly greater than 1, and for each i = 1, 2, n, let Tj be a /C,-trace over Ai- 

For each index A: = 1, 2, n, wc shall denote by U{Ak)o the connected component 
of the unit of the unitary group U(Ak) of Ak- By Proposition 7.3, one has that : 

K = {Ai®A2® ... ®An,H = Hi®H'2® ... W„, £)i £>2 ... -D„) 

is an unimodularizablc good spectral triple. 

Moreover, denoting, for each « = 1,2, ...,n, by T^'^ the /C-trace over A obtained 
by taking, for any element a = ai 02 ... a„ in A: 

TW(ai 02 - an) = Ti{ai), i = 1, 2, n, 

and one knows, by Prop. 7.3, that given any n-uplct u = {ui, U2, w„) of positive 
real numbers such that Ml +M2+..+w„ = 1, then, = uiT^^I +U2T^^'> +...+UnT'^"^ 
is /C-trace over A. 

One easily deduces, for each i = 1,2, ...,n, that : 

ST{i)Un{A) = {a = ai®a2® ■■■ a„ € A/at + al = Vfc = 1,2, ...,n, and Tj(ai) = 

is the real Lie Frechet algebra of the unimodular unitary group of A with respect 
to the /C-trace T^^) : 

ST(^,Un{A) = UiAi)o ... ®U{A-i)o Sr.UniA^) © C/(^»+i)o ... J7(^„)o 

STiUa{Ai) being the unimodular unitary group of Ai w.r.t. Tj, the Lie algebra of 
which is : 

(23) SrMt^iA) = {ai e A^/a, + a* = and Ti{ai) = 0}. 

More generally, given any element u in the set ; 

Cn = {u = (ui, M2, Un) G > 0, i = 1, 2, n, and mi + U2 + ... + m„ = 1} 

the unimodular unitary group S^m U (A) is the connected Frechet Lie subgroup of 
U (A) with Lie algebra : 

Sj'MUiA) {a = ai a2 ... a„ € A/uiTi{ai) + U2T2{a2) + .. + M„T„(a„) = 0}. 

If u and V are two different elements in C„, then taking into account Remark 
7.1, one has that : 
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